We show that the Dijkgraaf-Vafa theory can be regarded in hep-th/0303210 as large-N reduction in the case of N = 1 supersymmetric U (N ) gauge theories, with single adjoint matter. We generalize this to gauge theories with gauge groups being the products of some unitary groups coupled to bifundamental or fundamental matter. We show that some large-N reduced models of these theories are supermatrix models, whose free energy is equivalent to the prepotentials of the original gauge theories. The supermatrix model in our approach should be taken in the Veneziano limit N c , N f → ∞ with N In the theory of Dijkgraaf-Vafa [1] [2] , N = 1 supersymmetric gauge theory is related to a large-N bosonic matrix model . They have discovered that the prepotential of the gauge theory is the free energy of the matrix model.
fundamental and anti-fundamental matter [7] . This theory is the first example in which the large-N reduction reproduces the Dijkgraaf-Vafa theory by taking V f = 0 .
We finally consider a general system which has several unitary gauge groups, flavor symmetries and matter in the adjoint, bifundamental and fundamental representations. We show that the Dijkgraaf-Vafa theory of this system can be reproduced by its reduced model, as in the previous two cases.
In section 2 of this paper, we discuss the application of the gauge theory with bifundamental matter in our approach. In section 3, we consider a system with fundamental matter and a more general system. Section 4 contains conclusion and a discussion. The Appendix presents a brief review of non-commutative space and the construction of the supersymmetric reduced model of U(n) gauge theory coupled to adjoint matter.
Supersymmetric reduced model with bifundamental matter
We demonstrate in this section the Dijkgraaf-Vafa conjecture of the gauge theory with bifundamental matter in terms of large-N reduction. As we mentioned in the introduction, the argument is relevant to the single adjoint matter case [4] . We first consider this theory on bosonic non-commutative space and construct a supersymmetric reduced model. We next introduce fermionic non-commutative space and map the supersymmetric reduced model to a supermatrix model. We anticipate that the holomorphic parts of this supermatrix model will reproduce those of the gauge theory when we set the non-commutativity C µν , γ αβ to 0.
We indeed check that the equivalence between the free energy and prepotential holds in this theory.
Construction of the supersymmetric reduced model
We consider the gauge theory with multiple bifundamental matter. This theory comprises gauge groups n i=1 U(N i ), (2.1) and matter. We denote chiral matter in the adjoint representation of U(N i ) as Φ i , a vector superfield as V i , and chiral matter in the bifundamental representation of U(N i ) and U(N j ) (i > j) as X i,j and anti-bifundamental representation as Y j,i , where index i of the bifundamental representation runs from 1 to n. Field strength W iα for each U(N i ) is defined as
With these fields, we consider the following action:
where τ i is the gauge coupling constant.
The superpotential,
is a single-trace polynomial in which subscript i indicates a gauge group and subscript a indicates a form of the function O (i,a) . We can explicitly express the polynomial as
where a (i,k) , b (i,j,k) , c (i,j,p,q) , · · · are coupling constants. We impose the one condition on the superpotential that all the adjoint matter is massive, because massless adjoint matter gives singularity in low-energy theory and may break the holomorphy.
We consider this theory on bosonic non-commutative space (A.3) and construct a reduced model of the theory [8] . As in [4] , a reduced model of this gauge theory is given by
5)
HereΦ i (θ),X j (θ),Ŷ k (θ) andV l (θ,θ) are infinite matrices whose components are a function of θ and/orθ,N i is their infinite rank, and 
which has the special solutionV 8) wherep µ is given by Eq.(A.7). We can expand eV i around this background as
Action S then becomes
We can now map these matrices to superfields through Weyl ordering (Eq.(A.11)) as follows:
We can also map the action in Eq.(2.10) to non-commutative field theory as in Eq.(A.14).
As a result, this reduced model is equivalent to a non-commutative action which can be obtained by replacing the product in Eq.(2.3) with star products in Eq.(A.1).
Note that the ratios of the infinite ranks of the gauge groups are fixed in order to reproduce Eq. (2.3) . It is obvious, if we define the infinite rank ofp µ asM in Eq.(2.8), we can
(2.12)
Construction of the supermatrix model
We consider Eq. (2.5) in the fermionic non-commutative space [9] (Eq.(A.4)) by replacing the product with the star products in Eq.(A.2) as follows:
We can then map this action to the supermatrix model as shown in Appendix A.2 and obtain
The matrices here can be obtained by Weyl ordering (Eq.(A.12)). In particular, the field strength isŴ
ter kinetic terms (the definition of the Str is given in Eq.(A.18).).
Let us now consider the relationships to non-commutative field theory. The action in Eq.(2.5) does not depend onp µ , and this dependence appears when we consider the fluctuation around the classical solution of the gauge fields (Eq.(2.8)). We can then map the action to non-commutative field theory. However, it is not obvious that the action in Eq.(2.14) has an appropriate classical solution forV i , as in the case for Eq.(2.8) [10] . Even if we find such a solution, it is also not obvious that the fluctuation around the solution can be regarded as a non-commutative field. However, this problem is not serious when we take the limit γ, γ * → 0. We next consider the commutative limit of Eq.(2.13) and (2.14) . In order to obtain the commutative field theory (Eq.(2.3)) from Eq.(2.13), we first take the limit of γ, γ * → 0. We may then obtain Eq.(2.5) and this action can be mapped to the action in Eq. (2.3) in bosonic non-commutative coordinates by considering the fluctuation around Eq. (2.8) . Lastly, we take the limit of C → 0 and obtain the commutative field theory (Eq.(2.3)).
We take the two commutative limits in these processes. The first limit (γ → 0) can be taken smoothly owing to the non-commutativity C. On the other hand, under the second limit (C → 0), non-commutative field theories may not correspond to the commutative field theories (UV/IR mixing). In this sense, it is not clear that the commutative limits of the supermatrix model correspond to the commutative field theory.
However, the holomorphic parts of the supermatrix model almost correspond to the commutative field theory. Under the second limit, the chiral ring property eliminates the non-planar diagrams which give the non-commutative phase to the amplitude. The difference only appears through the Konishi anomaly [11] . This anomaly in commutative field theory appears through the regularization procedure. On the other hand, in non-commutative field theory, such regularization is not necessary, since the non-commutativity C regularizes such
In the case of Eq.(2.14), the holomorphic parts correspond to the commutative field theory. As a result of this holomorphy, the matter kinetic terms and anti-holomorphic parts can be neglected when we consider the holomorphic quantities. Dropping the matter kinetic terms implies that the matter is decoupled from the gauge fields and that we can also neglect the gauge kinetic terms. We can thus obtain the following supermatrix model:
whereN/g m is given in Eq.(A.19) as follows:
The dependence of non-commutativity C, γ in this model only appears through the overall factor,N/g m . As a result of this structure, the loop equations of this model have no dependence on C, γ (we show this example in section 3.2). This means that, by taking C, γ → 0, this supermatrix model has a commutative limit. Some of the physical quantities which can be calculated by this supermatrix model correspond to the quantities by the field theory as shown in subsequent subsections. This action does not depend on the gauge fields. However, when we map the correlation function of the supermatrix model to non-commutative field theory under C, γ → 0, singularity appears in the field theory. Upon regularizing such singularity, the dependence on the gauge fields appears in the field theory.
The result enable us to conclude that the supermatrix model (Eq.(2.16)) corresponds to the holomorphic part of the commutative field theory (2.3) in the limit of C, γ → 0. This implies that the commutative limit of Eq.(2.13) corresponds to the commutative field theory.
Correspondence of the correlation functions
We will show that
in the limit, C, γ → 0, where P (Φ, X, Y ) is a polynomial function and has U(N i ) gauge indices. The left-hand side of this equation is a gauge theory correlation function, and the right-hand side is a supermatrix model function. This provides evidence that our supermatrix model includes the information of the field theory.
Proof We use the identity
We can map this supermatrix correlator to the fermionic non-commutative field theory as follows:
where ⋆ indicates that θ is non-commutative. By taking γ → 0, we obtain the matrix correlator,
This correlator can be mapped to one for bosonic non-commutative field theory by considering the fluctuation around the classical solution in Eq.(2.8) as follows:
and by taking C → 0, we obtain
When we integrate x ′ and θ ′ , singular factor, δ 4 (0)δ 2 (0), appears and we can regularize this by the heat kernel method shown in the appendix to ref. [4] as follows:
where j, k are indices for the representation of the U(N i ) gauge group. The right-hand side of this equation is the contribution from the Konishi anomaly [11] of the U(N i ) gauge field.
Eq.(2.19) therefore becomes
21)
This is the left-hand side of Eq.(2.17).
On the other hand, the correlators
are independent of g m /N (or C and γ) without an overall factor. This can be explicitly checked when we solve the loop equation of these correlators [4] .
This foregoing analysis indicate that, when we take C, γ → 0, we can obtain
Low-energy effective action and prepotential
In this subsection, we consider the property of the effective action of Eq. (2.3) and show that it can be described by a prepotential.
The coupling g (i,a) dependence of W ef f is obtained by differentiating the partition function with respect to g (i,a) as follows:
We can express the right-hand side as
23)
where ψ is an anti-commuting c-number.
Let us now consider the special case that the loop equation for
is closed under single-trace correlators which include just two field strengths:
25)
We can then obtain a new loop equation for 
which are obtained by shifting Eq.(2.25). These operators are related to each other through the loop equations, and we can pick up independent operators from among them. (In the case of the U(N) gauge theory coupled to a single adjoint matter, such independent operators are glueball superfields S i (not S i ) in ref. [2] .) W ef f can then be expressed by prepotential F , which is a function of these independent operators, as
30)
Comparing this and Eq.(2.23), we can obtain the following equation for F :
In order to compute the prepotential, we solve the loop equations for the correlator on the right-hand side with respect to the independent operators. However, the purpose of this study is to show that the correlator in Eq.(2.31) is equivalent to a certain correlator in the supermatrix model by direct mapping, instead of by solving the loop equations.
Free energy of the supermatrix model and prepotential
We evaluate in this section the free energy of the supermatrix model and consider its relationship to the prepotential. 4 If we rewrite the kinetic terms of the action (2.3) as In order to find the dependence on g (i,a) , we differentiate this equation with respect to g (i,a)
as follows:
If the correlation function on the right-hand side is equivalent to Eq.(2.31), the free energy and prepotential are equivalent up to the g (i,a) -independent part.
We can now show
under the commutative limit. As in subsection 2.3, the right-hand side is equivalent to
Due to the symmetry in Eq.(2.27), this becomes
This is the left-hand side of Eq.(2.34). This equivalence means that the free energy of the supermatrix model is equivalent to the prepotential up to the g (i,a) -independent part.
The equivalence of the coupling constant of the independent parts can be checked in a discrete calculation with a simple form of the superpotential;-for example, gaussian or cubic. The result can be generalized to any superpotential, since such terms do not depend on the form of the superpotential. However, with our approach, we have not yet provided a good explanation for why the reduced model reproduces the g (i,a) -independent part of the prepotential as well.
Note that the symmetry in Eq.(2.27) means that the gauge field correlation functions 1 64π 2 trW α W α · · · , 1 8π trW α · · · , tr · · · behave as one chiral multiplet,
The equivalence in Eq.(2.34) means that this multiplet corresponds to the supermatrix correlation function
As a result, all the chiral operators of the gauge field corresponds to the supermatrix correlators through this multiplet.
Our supermatrix model can therefore describe the holomorphic part of the gauge theory.
In this respects, the Dijkgraaf-Vafa theory with multiple bifundamental matter can be regarded as large-N reduction (the difference between the supermatrix and bosonic matrix is considered in ref. [4] ).
Supersymmetric reduced model with fundamental matters
We consider in this section the A 2 quiver-like theory, from which we can develop a theory which incorporates fundamental matter.
Construction of the theory with fundamental matters
We will evaluate a theory which has gauge groups (Eq.(1.1)) and A 2 quiver-like kinetic terms.
The action is given by
V is a vector superfield of gauge group U(n c ), W α is its field strength, V f and W f α are the vector superfield and field strength of the U(n f ), Q andQ are (anti)bifundamental matter and Φ is adjoint matter of U(n c ), and W (Φ) and m(Φ) are polynomial functions. The adjoint matter of U(n f ) in this theory is removed from the usual A 2 theory. 5 tal matter Q behaves as a fundamental matter with U(n f ) flavor symmetry. Since we can construct a supermatrix model in the general gauge theory with bifundamental matter as described in section 2, we first keep this U(n f ) symmetry as gauge symmetry and ultimately take V f = 0.
The holomorphic parts of the supermatrix model for the action Eq.(3.1) become 2) whereQ,Q andΦ are matrices corresponding to Q,Q and Φ. This supermatrix model has no gauge field dependence. When we take V f = 0, the supermatrix action does not change.
Note that this supermatrix model is in the Veneziano limit [12] in which the number of colors and flavors become infinite with their ratio fixed as in Eq. (2.12) . Even if we take V f to be 0, there is no influence on the size of the matrices.
Derivation of the loop equation from the supermatrix model
We derive in this subsection the loop equations from the supermatrix model, and show that these equations are closed and that the dependence of C, γ disappears. Furthermore, these loop equations can be mapped to those of the field theory, which is equivalent to the field theory analyses [6] , when we take V f = 0. This result justifies our supermatrix approach in section 2.
We start from
where T a is the Gell-Mann matrix. We shiftΦ →Φ + ǫT a and obtain the Schwinger-Dyson
By using the completeness of the Gell-Mann matrix and large-N factorization, we can obtain the loop equation,
We next start from
5)
By shiftingQ →Q + ǫT a , we can derive another loop equation.
As already mentioned, the dependence of C, γ in these loop equations appears only through g m /N. These two loop equations are closed and can be solved as a function of
where C i is a contour around the i-th critical point of superpotential W (Φ). The g m /N dependence disappears if we solve the correlators with respect to S i . These loop equations are thus independent of C, γ and have a commutative limit.
We will next show that this commutative limit correspond to the loop equations which are derived from gauge theory. In order to map these loop equations to the gauge theory equations, we repeat the same procedure as that for deriving Eq. (2.34) . This enables us to obtain the loop equations
1
These equations are closed with respect to the following correlators:
This fact leads to an efficient description of the prepotential as mentioned in section 2.5.
strength, W f α , we can obtain the following loop equations:
(3.11)
These equations correspond to that derived from the field theory in ref. [6] .
Properties of the prepotential
In ref. [6] , owing to the chiral ring properties, the fundamental matter contributes to the effective action only up to the one-loop order. We will show that the supermatrix model reproduces this property.
We first integrate outQ andQ in the partition function,
. (3.13) We define here S ef f as an effective action ofΦ. Str U (n f ) 1 is a one-loop correction of the fundamental matter. We can expand F m with respect to gm N Str U (n f ) 1 as (3.14) Note that the F mk is the k-loop correction for the fundamental matter. We can now map this expansion to the gauge theory, and then map the free energy to the prepotential. In addition,
where we take the limit, C, γ → 0, and use the regularization of Eq.(2.20) for the U(n f ) gauge field. By using these relationships, when we take W f α = 0, Eq.(3.14) is mapped to
We will map F mk to F k . The anti-commutativity of ψ α removes F k (k > 1). The first term is the contribution of the adjoint matter, and the second is from the adjoint matter and one-loop correction of the fundamental matter. The prepotential obtained from the free energy of the supermatrix model thus also has the contribution of the fundamental matters only up to the one-loop order. This statement is consistent with the gauge theory analysis.
With the argument of the previous subsection, our supermatrix model gives the same result in the holomorphic parts of the field theory.
We apply the theory with single fundamental matter in this section. We can generally construct a corresponding supermatrix model in the gauge theory with several unitary gauge groups and fundamental and bifundamental matter as described in sections 2 and 3.
Discussion
We have shown that the Dijkgraaf-Vafa theory in the N = 1 gauge theory with fundamental and bifundamental matter can be regarded as large-N reduction. This enables us to understand the mechanism by which the matrix model incorporates the information of the gauge theory.
We have also shown the mapping from the gauge theories to corresponding supersymmetric reduced models. However, there are some problems in the analyses of low-energy gauge theory. For example, if gauge theory is coupled to massless fundamental matter, the low-energy theory should be described by meson and baryon fields [13] . We need to introduce these fields through the Legendre transformation, in which case, the mapping itself cannot prescribe them.
Our approach cannot yet be applied to other gauge groups:-SO(N) or Sp(N). It is difficult to construct the reduced model for such gauge theories, in which the proof of equivalence between the gauge theories and matrix model is given [5] . Success with the Dijkgraaf-Vafa theory might shed some light on constructing a reduced model in these gauge theories.
In order to satisfy this relationships, the rank of these matrices,N, should be infinite. We can introduce an anti-symmetric tensor which satisfies .6) and definep
These matrices satisfy the following relations:
Matrices corresponding to the fermionic coordinates (Eq.(A.4)) are
We can then introduce β αβ and π α which satisfy
The correspondence between the functions and the matrices from these relationships is
Correspondence of operations in bosonic coordinates
The integral in the bosonic non-commutative coordinates is equivalent to the trace of the matrix model,
Ifp µ is a reducible representation and can representp µ =p An integral for the fermionic non-commutative coordinates is
where we define the supertrace, StrQ = tr2σ 3Q . Considering a quantum degree of the freedom of the non-commutative field theory, we can put
Here, g m is an appropriate constant with mass dimension 3. As a result, we can obtain (A.28) where A is the differential operator, iθσ µθ ∂ µ , and subscript (y) ( or (y † ) ) means that the chiral (or anti-chiral) superfield is a function of (y = x + iθσθ, θ) ( or (y † ,θ) ).
We can then obtain the action, 
